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Abstract. It is proved that the Yoneda Ext-algebras of Morita equivalent semiperfect al-
gebras are graded equivalent. The Yoneda Ext-algebras of noetherian semiperfect algebras
are studied in detail. Let A be a noetherian semiperfect algebra with Jacobson radical J.
We construct a right ideal F(A) of the Yoneda algebra E(A) = Ext* (A/J, A/J), which
plays an important role in the discussion of the structure of E(A). An extra grading is
introduced to E(A), by which we give a description of the right ideal of F(A) generated by
ExtY(A/J, A/J), and we give a necessary and sufficient condition for a notherian semiper-
fect algebra to be higher quasi-Koszul. Finally, it is shown that the quasi-Koszulity of a
noetherian semiperfect algebra is a Morita invariant.
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The Hochschild cohomology algebras of non-commutative algebras are extensively
studied. Let A and B be two algebras. It is well known that if the derived categories
DP(A) and D®(B) are equivalent, then the Hochschild cohomology algebras H H (A)
and H H (B) are isomorphic (see [7]). In particular, if A and B are Morita equivalent,
then HH(A) =2 HH(B). However, the structure of the Yoneda Ext-algebras of non-
commutative algebras is not very clear. A natural question is: if the algebras A
and B are Morita equivalent, are the Yoneda Ext-algebras F(A) and E(B) Morita
equivalent? The answer is affirmative if A and B are semiperfect. In fact, we prove
that F(A) and E(B) are graded equivalent.

*The second author is supported by NSFC (No. 10501041).
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The concept of Koszul algebras was introduced by Priddy [9] in 1970. Usually,
a Koszul algebra is a graded algebra. Koszul algebras have played an important
role in commutative algebra, algebraic topology, Lie algebra and quantum groups.
Applications of Koszul algebras and examples from different fields can be found
in [2]. In 1996, Green and Martinez Villa generalized the concept of Koszul algebras
to the non-graded case (see [5] and also [6]). A quasi-Koszul algebra is a noetherian
semiperfect algebra with certain homology properties. As an example, Green and
Martinez Villa showed in [5] that the Auslander algebra of a finite dimensional
algebra of finite type over an algebraically closed field is a quasi-Koszul algebra. In
fact, ample examples can be found in commutative algebra. For instance, regular
local algebras are quasi-Koszul algebras. We generalize the concept of quasi-Koszul
algebras to higher quasi-Koszul algebras. The Ext-algebras of (higher) quasi-Koszul
algebras are studied in detail. The structure of Ext-algebras of higher quasi-Koszul
algebras is much more complicated than that of quasi-Koszul algebras since the
minimal resolution of the trivial module of a higher quasi-Koszul algebra is much
more complicated.

Let A be a semiperfect algebra and J the Jacobson radical of A. We construct
a graded right ideal F(A) of the Yoneda algebra E(A) = Ext’(A/J, A/J), which
plays an important role in the study of the structure of E(A). We introduce an
extra grading on E(A) so that F(A) is a bigraded vector space. The extra grading
provides some information of the Yoneda product on E(A). With the help of the
extra grading on E(A), we give a criterion of a noetherian semiperfect algebra to be a
higher quasi-Koszul algebra. Although we cannot describe clearly the subalgebra of
E(A) generated by Ext} (A/.J, A/.J) as it has been done in [8], we give a description
of the right ideal of E(A) generated by Extl(A/J, A/J) by the extra grading on
E(A). We then give a short proof of [5, Theorem 4.4] about quasi-Koszul algebras.
We also give a necessary and sufficient condition for a noetherian semiperfect algebra
to be a higher quasi-Koszul algebra. Finally, as an application, we prove that the
Koszulity of noetherian semiperfect algebras is a Morita invariant.

Throughout this paper, k is a field. All the algebras and modules involved are
over the field k.

1 Morita Equivalent Semiperfect Rings

In this section, we show that the Yoneda Ext-algebras of Morita equivalent semiper-
fect algebras are graded equivalent. We recall some terminologies and notations
involved in the discussion of this section.

Let A be an algebra. We use A-Mod to denote the category of all left A-modules.
Let Y be a left A-module. Then add(Y') is the full subcategory of A-Mod consisting
of all the direct summands of finite direct sums of copies of Y. Two algebras A
and A’ are said to be Morita equivalent if there are additive covariant functors
F : A-Mod — A’-Mod and G : A’-Mod — A-Mod such that G o F' = 1 4.0q and
FoG =14 .Moq- Let 4X be a left A-module. Endowed with the Yoneda product,
Ext’ (X, X) is a positively Z-graded algebra, denoted by £(X). The Ext-group
Ext’ (Y, X) is a left Z-graded £(X)-module.

Let E be a Z-graded algebra. We use E-GrMod to denote the category of
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graded left E-modules. The shift functor S : E-GrMod — E-GrMod is an auto-
morphism of E-GrMod defined on objects by S(X), = X,+1, and in an obvious
way on morphisms. Let E’ be another Z-graded algebra. An additive covariant
functor V' : E-GrMod — E’-GrMod is called a graded functor if V' commutes
with the shift functor S and its inverse S™'. A graded functor V : E-GrMod —
E'-GrMod is said to be a graded equivalence (see [3]) if there is a graded functor
U : E'-GrMod — E-GrMod such that UoV = 1g.grMod and V o U = 1/ _GrMod-
Two Z-graded algebras E and E’ are said to be graded equivalent if there is a graded
equivalence V : E-GrMod — E’-GrMod. It is shown in [3] that graded equivalent
graded algebras are Morita equivalent, but Morita equivalent graded algebras are
not necessarily graded equivalent.
The following lemma is obvious. For explicit narrative, we give a proof.

Lemma 1.1. Let A be an algebra, and let X and Z be left A-modules. Assume
X =Y @Y, and let e € End(4X) be the idempotent corresponding to the direct
summand Y. Then Ext(Y,Z) = Ext}(X,Z) - e as graded left £(Z)-modules.
Similarly, Ext} (Z,Y) = e - Ext (Z, X) as graded right £(Z)-modules.

Proof. Choose projective resolutions of Y and Y”:
P Bp Bp By L
p B d o prdyys

Let K, = Ker(d,_1) and K/ = Ker(d],_;). Consider the diagram

OHKHEBK;(Tn—m*)anEBPTILA_’"'_’POEBPé_’ X =0
gn Tl 7 N L jo T1 mo iTl=
0—- K, T P, - P - Y =0

where 7, and 7/ are the inclusions, m; the natural projection, and j; the natu-
ral injection. We have Ext’y (Y, Z) = Homyu (K, Z)/Im(7}), and Ext’y(X,Z) =
Homyu (K, ® K|, Z)/Im(7}, 7). For g € Homa(K,,Z), we use g to denote its
image in Ext’} (Y, Z). Similarly, for h € Homa(K,, @ K/,, Z), we use h to denote its
image in Ext’y (X, Z). Define ¢ : Ext4 (Y, Z) — Ext% (X, Z)-e by ¢(g) =gonm, e €
Ext’ (X, Z)-e. It is not hard to check that ¢ is a left graded £(Z)-module morphism.
On the other hand, we define ¢ : Ext’y (X, Z) - e — Ext’ (Y, Z) by p(h-€) = ho jp,.
Now we have ¢p(h-e) = ¢(hoj,) = hoj,om,-e = h-e by the definition of
Yoneda product, and ¢¢(g) = ¢(gom, -e) = gomp0j, = g. Hence, we have
Exty (Y, Z) 2 Ext (X, Z) - e as graded left £(Z)-modules.

Similarly, Ext(Z,Y) 2 e- Ext}y (Z, X) as graded right £(Z)-modules. O

Lemma 1.2. With the notations in Lemma 1.1, we have E(Y) Z e-E(X) - e as
graded algebras.

Proof. With the same notations as in the proof of Lemma 1.1, we have E"(Y) =
Ext’y(Y,Y) = Homa (K, Y)/Im(7;}) and E"(X) = Homu (K, ® K}, X)/Im(75, 7).

n?
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Define 6 : E(Y) — e-E(X)-eby 8(g) =e-jogom, -eforg € Homu(K,,Y). It is not
hard to see that 6 is well defined. On the other hand, define ¢ : e-£(X)-e — £(Y)
by (e f-e)=mo foj, € EY) for f € Homa(K, ® K}, X).

We next show that v is well defined. Suppose e- f-e = 0. Consider the diagram

(Tn77-/’/1)
—

0—- K,®K), P,1®P _,—--— P®FP— X —0
ljnoﬂ'n ljn—loﬂ'n—l ljoo‘ffo le

(Tn,7,) Pnfl@PrlL—l_)'”_)PO@Pé_) X =0

By the definition of Yoneda product, we have eo fo j, om, =e- f -e = 0. Hence,
eo fojyom, € Im(r},77%). So there is a morphism h : P,,_1 & P,_; — X such
that eo f o j, om, = ho(r,,7),). Clearly, j, om, is an idempotent. Then we have
eo fojpomy =ho(Ty,Th)ojnom, = ho(7,,0)0j,0m,. Assume h = (hy, he) with
hi:P,y — Xand hy: P, | — X. Noweo foj,om =ho(r,,0)0j,0m, =
(h107pn,0)0j,0my,. Thus, eo foj, = (h107,,0)0j,. Since X = Y @Y, we may write
hi = (h11, h12) with hy; : P,y — Y and hya : P,—1 — Y’. Evidently, Toe = 7w and
mohy = h11. We have mo foj, = moeo foj, = wo(hi07,,0)05, = hi107,. Hence,
Yle-f-e)=mofoj,=moeo foj,=hior, =0. Thus, ¢ is well defined.
Since ¥0(g) = (e-jogom,-e)=mojogom,oj, =g and

Gup(eoT-e) =0(To foju) =€ jomofojnomm e

=eojomofo(jpomy)2=ceofoj,om,=c-f-e,

we have 0p = 1..g(x).c and YO = 1g(y).

What remains to show is that 6 is a graded algebra morphism.

For g € Homa(K,,Y) and h € Homa(K,,,Y), we have g € E*(Y) and h €
E™(Y). Consider the diagram

0= Kpim % Primeq — o+ — Py— K, — Py_q — -
L gm b gm—a Lo o

0—- K, = P,, —---—P—Y — 0
ln
Y

where go, ..., gm are induced by g. Then E-g =hogm. Sob(h-g) =0(hogy)=
€-j 0 ho gm0 mptm e. Onthe other hand, §(h)-0(g) =e-johomy,-e-jogom, e.
Consider the following commutative diagram

OHKn+m@K;L+m*> 'n.-',—rn—lGapylkpm,fl*>‘>PTL69P';LH K’n@K':L —

1 (gm,0) L (gm-1,0) 1 (90,0) Ljogomn

0 — K., ® K}, — Pn1®P, — o= PO P, — X — 0
Limomm Lim—10mm—1 1 joomo le

0 — K., ® K}, — Pn1®P, — o= PO P — X — 0
Liohomnm

X
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By the definition of Yoneda product, we have

jOhO?‘rm-e~jOgOﬂ'n:jOhOTrmijOﬂ'mO(gm,O)

= jOhOﬂ'mO(gm,O) =Johogmomnim -
Hence, 0(h -g) = 6(h) - 6(g). This completes the proof. O

Proposition 1.3. With the notations in Lemma 1.1, if Y’ € add(Y), then £(X)
and E(Y) are graded equivalent.

Proof. By Lemma 1.1, Ext} (Y, X) = &£(X) - e as left graded £(X)-modules.
Hence, Ext’ (Y, X) is a finitely generated graded projective £(X)-module. Since
Y’ € add(Y), there exists an A-module Z such that Y’ @ Z = Y®" for some n > 1.
Now X @ Z = Y971, Hence, we have

Ext’ (Y, X)®+! = Ext’, (Y®n+!, X)
~ Ext’ (X @ Z,X) = £(X) @ Ext’,(Z, X)

as graded left £(X)-modules. Hence, the graded module Ext% (Y, X) 2 E£(X)-eis a
finitely generated projective generator of the category £(X)-Mod. By [3, Theorem
5.4], £(X) is graded equivalent to the graded algebra Endg(x)(Ext’y (Y, X)) =
Endg(x)(E(X)-e)P Ze-&(X)-e. By Lemma 1.2, £(Y) Z e-£(X)-e. Hence, £(X)
and £(Y) are graded equivalent. O

Let A be a semiperfect algebra with Jacobson radical J. Let {ei,...,e,} be a
set of complete orthogonal primitive idempotents of A, and let {e;,,...,e;,} be a
set of basic idempotents. Write e = e;, + --- + e;,. Then Ae is a finitely gener-
ated projective generator of the category A-Mod. Let F' = Hom(Ae, —). Then
F is a Morita equivalence from A-Mod to eAe-Mod. Hence, Ext%(A/J, A/J) =
Ext; 4. (F(A/J),F(A/J)) as graded algebras. On the other hand,

F(A/J) =Homu(Ae, A/J) = Homy (Ae, @, (Ae;/Je;))
=~ @ (ede;/ede;) = @, (ede;, Jede;,) ® D, (eAes/edes),

where A = {e1,...,en} \ {€iys. e, }. Set X = F(A)J), Y = @'_,(ede;, /e]e;,)
and Y' = @, \(edes/eJes). Since {e;,...,e;} is a set of basic idempotents,
we have Y’ € add(Y). By Proposition 1.3, the graded algebras £(X) and E(Y)
are graded equivalent. Clearly, Y = @izl(eAeis/eJeis) = eAe/eJe. Since eJe
is the Jacobson radical of eAe, Ext} 4 (eAe/eJe,eAe/ede) is graded equivalent to
E(X) 2 Ext(A/J, A/J). In other words, the Yoneda Ext-algebra of a semiperfect
algebra A is graded equivalent to the Yoneda Ext-algebra of its basic algebra.

Let A be a semiperfect algebra with Jacobson radical J. In what follows, we
write F(A) = Ext(A/J, A/J).

The above argument proves the following main result of this section.

Theorem 1.4. Let A and A’ be semiperfect algebras. If A and A’ are Morita
equivalent, then the graded algebras E(A) and E(A’) are graded equivalent.
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2 Ext-Algebras of Noetherian Semiperfect Algebras

Let A be a noetherian semiperfect algebra with Jacobson radical J. As we know,
the Yoneda Ext-algebra E(A) = Ext}(A/J, A/J) is a positively Z-graded algebra.
In this section, we construct a graded right ideal E(A) = @Dlﬁl(/l) of E(A),
which will play an important role in the discussions in the rest of the paper. We

introduce an extra grading on E '(A) for all i > 1 so that E(A) is a bigraded space.
The extra grading on Ext’ (A/J, A/J) brings us some convenience in the study of
the structure of E(A).

We first fix some notations. In the rest of this paper, A is a noetherian semiper-
fect algebra with Jacobson radical J, and

P BB A0 (1)

is a minimal projective resolution of A/.J with Py = A and dj the natural projection.
Let K; = Ker(d;—1) be the i-syzygy of A/J. Let N be a finitely generated left A-
module. We sometimes use Q¢(N) to denote the i-syzygy of N.

Since (1) is minimal, we have K; C JP;_; for all ¢ > 1. Evidently, K;/JK; is a
left A/J-module, which admits a natural filtration:

KZ/JKZ = (KZ n Jplfl)/JKZ D) (Kz ﬂJ2Pi,1)/JKZ‘

2
O (KiNJ3P_y + JK)/JK; D+ 2 (KiNJ"Pi_y + JK;)JJK; D -+ . @

For ¢ > 1, write ‘
Wi =K;/JK; = (K;NJP,_1)/JK;,
Wf = (KiﬂJ2Pi_1)/JKi,
Wi

n

= (KiNJ"P,_y + JK,)/JK;,

Since A is noetherian, K; is finitely generated for all ¢ > 1. Hence, K;/JK; is a
finitely generated A/J-module. Since A/J is semisimple, the filtration (2) satisfies
the descending chain condition. For ¢ > 1, there is a sufficiently large integer N;
such that W} = W/, for all t > N;. Let T" = mg‘zo sz Sincg A/J is semisimple,
from the filtration (2), we get K;/JK; = @, W;/W;, ©T". Since

We /Wi = K,;/(K;NJ*Pi_y),
Wi /Wi =2 (K;NJ?*P;_1)/(JK; N J?P,_1 + K; N J3P;_4),

WE/Wi L 2 (KNI P/ (JK; NPy + Ky N I 2P ),

we get

KZ/JKZ = Kz/(Kz N JzPi—l) D (Ki N JQPi_l)/(JKi N J2Pi_1 + K; N JSPi_l)
D---D (KZ n Jnﬂ_l)/(JKl NJ"P;,_1 + K; ﬁJnJrlPi_l) @ T



On the Yoneda Ext-Algebras of Semiperfect Algebras 213

For simplicity, write

H(ZJ :Ki/(KiﬂJ2Pi_1),
H{ = (Kz n J2Pi_1)/(JKZ‘ n J2131'_1 + K; N JBPi_l),

HY = (K; N J"™P_y)/(JK; 0 J"™ Py + K; 0 J2P_y),

Since (1) is a minimal resolution, we have

Exty(A/J, A/J) =~ Homa (K;, A/J) = Hom,;(K;/JK;, A)J)

. , 3
= @D,5oHoma,(Hj, A/J) & Homy,,(T7, A/ J). ®)

In what follows, we identify the terms in (3). _
For i > 1, let E'(A) = ®jZOHOmA/J(H‘;;,A/J), and E(A) = @Z—ZlEZ(A).

Then E(A) is a graded subspace of E(A).

We introduce an extra grading on E ' (A) for i > 1. Let

—i 0 if j <1,

E;(4) = {HomA/J(H;i,A/J) it >0,
We call this the second grading of E(A). Then E(A) is a bigraded space.

Clearly, if the Jacobson radical J of A has the left Artin—Rees property (that

is, for any left ideal I of A, I N J™ C JI for sufficiently large n), then for i > 1,
we have K; N J" P;_; C JK; for sufficiently large n;. In this case, T° = 0. Hence,
E'(A) = E'(A). If we let EJ(A) = Homy,;(A/J,A/J) = A/J and E9(A) = 0 for
j # 0, then E(A) is a bigraded space. However, in general, we do not know whether
J has the Artin—Rees property. Hence, we do not know whether E*(A) coincides
with E(A).
Lemma 2.1. Forg € E,(A) and f € E'(A), g-f € Ez_tss(A) CREE @EZLS(A).

Proof. Consider the commutative diagram

0— Kiys 5 Piyg1 —--— P — K, — Py — -
L L fomn 1 fo L

0— K, = P, —--— Py — A/J — 0
Ly
AlJ

where f; is induced by f for 0 < j < s, and 7,4, and 7, are the inclusions. By
definition, g- f = go fs. For x € K;1 s NJ*™5 P . (I > 2), we have 7, 0 f(z) =
fs—10Tivs(z) € JU5H P, 1. Hence, f(z) € K;NJ' 5P, . Since g € Ej(A) =

Homy,;(H{_,,A/J), we get go fo(x) =0. Sog- f € F:_FSS(A) - EBEZ::(A). O
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Corollary 2.2. E'(A) = E (A), E'(A) - E'(A) C E;(A), and E
CE;j7 ().

Proof. From the minimal resolution (1), we get Ky = J. Therefore, H} = J/J?,
Hj = 0for j > 1, and T" = 0. Hence, E'(A) = El(A). Moreover, Fl(A) is

concentrated in degree (1,1). By Lemma 2.1, we have E'(A) - Ei~1(A) C EZ(A)
The rest one follows from Lemma 2.1 directly. O

Corollary 2.3. E(A) = D1 EZ(A) is a graded right ideal of E(A).

Let R=k@® R ®Ry®--- be a connected graded algebra. In [8], the subalgebra
of E(R) = Ext}(k, k) generated by E'(R) = Extp(k, k) is described explicitly. In
our case, the subalgebra of E(A) generated by E'(A) is not very clear. However,
we give a description of the right ideal of E(A) generated by E'(A). Set E(A) =
D~ E/(A). By Corollary 2.2, we know that E(A) is a right ideal of E(A4). Let
E'(A)- E(A) denote the right ideal of E(A) generated by E'(A). By Corollary 2.2
again, E1(A) - E(A) C E(A).

Theorem 2.4. E(A) = E*(A) - E(A).

Proof. Tt suffices to prove F:(A) = EY(A)-E*71(A) for all i > 2. From the minimal
resolution (1), we have K; C JP;_;. Let 6 be the composition

K; < JPi_y 5 JP_y/J*Piy,
where 7 is the inclusion and 7 is the natural projection. Then Ker(f) = K;NJ?P;_;.
Hence, we have a monomorphism 7 : K;/(K; N J?P;,_1) — JP;_1/J?P;_; induced
by 6. Since K;/(K; N J?P;_1) and JP;_1/J?P;_; are A/J-modules, we can regard
7 as a left A/J-module morphism. Since A/J is semisimple, 7 is split. There is an
A/J-module morphism ¢ : JP;_1/J*P;_1 — K;/(K; N J?P;_1) such that £on = 1.
Then we have the following commutative diagram:
Ki & JPy — JPi4/J*P,
Lw n ¢
Kl/(KZ N szifl)

where 1 is the natural projection. Taking £ as an A-module morphism, we let
p=¢on:JP_1 — K;/(K;NJ?P;_1). Then ¢ = por.

For g € Homy, ;(K;/(K; N J?P;_1),A/J), let g € Homa(K;, A/J) be the mor-
phism corresponding to g through the isomorphisms in (3), i.e., § = go . Let
f=gop:JP,_1 — A/J. Then f o1 =4. Consider the commutative diagram

00— K, —P1— K1 = FP.g— -
L L1 bn

0—JPy —- Py — P_/JP_y — 0
L

AJJ
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where h is the natural morphism induced by 7. We get g = f - h by definition.
Clearly, P;_1/JP;_1 is a semisimple A-module. We may assume P;,_;/JP;,_; =
@, Si, in which each S; is a simple A-module. Then we may write h = (h1,. .., hy)
with h, € Ext’; '(A/J,S;) C Ext’y '(A/J, A/J). Since f € Extly(Pr_, St, 4/J),
we may write f = (f1,..., fn) with f; € Ext}(S;, A/J) C Ext!y(A/J, A/J). Then
g=[f-h=>1, ft-h. Hence, g € E*(A) - E""(A). O

3 Ext-Algebras of (Higher) Quasi-Koszul Algebras

Let A be a noetherian semiperfect algebra with Jacobson radical J. A is called a
quasi-Koszul algebra (see [5]) if the minimal resolution (1) of A/.J has the property

K,NJ?P,_, =JK; foralli>1. (4)

A is called a higher quasi-Koszul algebra if for the minimal resolution (1) of A/J,
there is an integer p > 2 such that

(i) if 4 is odd, then K; N J2P;_; = JK;; and

(i) if 4 is even, then K; C JP7'P;,_y and K; N JPP;_; = JK;.
More indicatively, we call a higher quasi-Koszul algebra as a quasi-p-Koszul algebra.
Clearly, a quasi-2-Koszul algebra is a usual quasi-Koszul algebra.

If the noetherian algebra A is positively graded and the Jacobson radical J is
replaced by the graded Jacobson radical, then our definition of quasi-Koszul algebras
coincides with that of higher Koszul algebras given in [1] and [4].

The following two lemmas are obvious.

Lemma 3.1. If A is a quasi-p-Koszul algebra and 45 is a finitely generated semi-
simple A-module, then 4S has a minimal projective resolution - -+ — Q, — -+ —
Q1 — Qo — S — 0 such that

(i) QS)N J2Qi—1 = JQ(S) when i is odd; and

(i) Q(S) C JP71Q;—1 and QU(S)N JPQi—1 = JQ!(S) when i is even.

Lemma 3.2. Let A be a noetherian semiperfect algebra. For a given integer i > 2,
if K; C J'P;_ fort > 1, then for any finitely generated semisimple A-module 4.5,
there is a minimal projective resolution - -+ — @, — -+ — Q1 — Qo — S — 0 such
that QZ(S) Q JtQifl.

Example 3.3. (i) The formal power series algebra A = k[[z]] is a quasi-Koszul
algebra. In fact, the residue field k£ has a minimal resolution 0 — A 5 A — k — 0,
which certainly satisfies (4). This is a special case of the following more general
one.

(ii) Let A be a regular local algebra (see [10]). Then A is a quasi-Koszul algebra.
In fact, let m be the maximal ideal of A, and assume G(A) = n. Let 21,...,2, be
a regular sequence of A. Then the residue field A/m has a minimal resolution

0 — A"(A®™) Iy AE(A®™) LA AL(A®™) DA A/m — 0,

where d; : AH(AP7) — ATTL(AP) is defined as follows. Let eq,. .., e, be a free basis
of A®™. Then di(e;, N+ Nej,) = Zt (=1)*tage;, Ao Aéi, A+ Aey,, in which

s=1
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é;, means that e;, is deleted. It is not hard to see that this minimal resolution of
A/m satisfies the identity (4). Hence, A is a quasi-Koszul algebra.

Example 3.4. Let S be the commutative ring k%, and let {e1,--- ,e5} be the set
of primitive orthogonal idempotents of S. Let V = kv & kvs & kvs @ kvs be a
vector space of dimension 4. Define an S-S-bimodule action on V' as follows. For
1<i<band1l<j <4, let

ei-v‘,:{o if j#£i—1, o {0 if j # 1,

vjifj=i—1,  9TET it =i

It is not hard to check that V' is an S-S-bimodule. Let T(V) = SeVeVesVd- - -.
Then T(V) is a k-algebra. Let I be the ideal of T'(V') generated by vy ®s v3 ®g v2,
and let A =T(V)/I. Then A is a noetherian semiperfect algebra. One can easily
check that A is a quasi-3-Koszul algebra.

Quasi-p-Koszul algebras are characterized by the second grading of E(A) intro-
duced in Section 2.

Proposition 3.5. Let A be a noetherian semiperfect algebra. Then A is a quasi-
p-Koszul algebra if and only if for all i > 1,
(i) B/(4) = B'(4);
(i) E'(A) is concentrated in degree (i,i) when i is odd; and
(iii) E'(A) is concentrated in degree (i, i + p — 2) when i is even.
Proof. Assume that A is a quasi-p-Koszul algebra. By definition, K;NJPP;_1 C JK;

for all i > 1. Hence, T® = 0 for all i > 1. Then E‘(A) = EZ(A) forall 7 > 1. Let ¢
be odd. Then K; N J?P,_; = JK;. Hence, K; N J*P;_; C JK; for all s > 2. Then
K,NJ°P,_1 =JK;NJ°P;_4 for all s > 2. Hence, for t > 1,

H = (K;nJT'P_ )/ (JK;NJ P+ K;nJ2P_ ) =0.

Then F;(A) = Homy,;(H;_;, A/J) = 0forall j—i > 1; ie., E'(A) is concentrated
in degree (i,1).

Now let i be even. Then K; C JP~'P,_; and K; N JPP,_; = JK;. Hence,
K,NJ*P_1 =K;NJT'P_, = K, for all 1 < s < p— 2. We then have

H = (K;nJT'P )/ (JK;nJM P+ K,nJ"2P )= K;/K; =0

for all 1 <t < p— 3. Hence, EJZ(A) = HOmA/J(H;:_i7A/J) =0foralll1 <j—i<
p—3; ie., E?(A) = ... = Eiz+p73(A) = 0. On the other hand, K; N J°P;,_; =

?

JK; N J*P;_1 for s > p since K; N JPP;_1 = JK;. Hence, we also have
H = (K;,nJ™'P_ ) /(JK,N TP+ K;nJH2P_) =0

fort >p—1;ie., E;(A) =0 for j > i+ p— 1. Therefore, El(A) is concentrated in
degree (i, i+ p — 2) when 4 is even.
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Conversely, assume that E'(A) has the properties as stated in the proposition.
If 7 is odd, then E;(A) = HOmA/J(H;:_i,A/J) =0for j—¢>1. Since A/J is
semisimple, we get H;_l =0 for j — i > 1. Hence,

(KN JHP_ )/ (JK, N TP+ K0 J2P_) =0

for all £ > 1. Since E?(A) = E '(A), we get T% = 0. So there is an integer N (depen-
ding on i) such that K; N JYP,_y C JK;. Then K;NJNP,_; = JK; N JNP;_;.
Hence, K;N JNil}Di_l =JK;N JNilpi_l + K;N JNPZ‘_l =JK;N JNilpi_l, and

K,nJN=2p_ = JK;NnJVN2P_  + K;NnJN"1P,_,;
= JK;NJN2p,_ + JK;NJNIp_ = JK;NnJN2p,_,.

Inductively, we obtain K; N J*P,_y = JK; N J*P;_; for all s > 2. In particular,
Ki n J2P1;1 = JKl n J2Pi,1 g JKZ'. ObViOU.Sly7 J[(z g Ki N J2Pi,1. I{GIICG7
JKi = Ki N JQIDi_l if 4 is odd.

Now let i be even. Then H} = 0 for t # p—2. Then H} = K;/(K;NJ?P;,_1) =0
implies K; = K; N J?P;_,. Hence, K; C J?>P;,_;. Similarly, H{ = 0 implies
KZ'OJQPZ',1 = JKiﬂJ2.P7;,1 +K7;0J3Pi,1, which 1mphes Kz = JKZ-—i—KZﬂJ?’PZ-,l.
Since K; is finitely generated, JK; is a superfluous submodule of K;. Hence, K; =
K; N J3P;_;, which implies K; C J3P;_;. Inductively, we can show K; C J'P;_;
for 2 <t <p-—1. Theidentity K;NJPP;,_; = JK; follows from the similar analysis
as in the case that 4 is odd. Therefore, K; C JP~1P;_; and K; N JPP_; = JK;
when i is even. This completes the proof. O

From the proof of Proposition 3.5, we have:

Corollary 3.6. Let A be a noetherian semiperfect algebra and i > 2.
(i) If K; C J'P;_1, then E;(A) =0forj<i+t—1.

(i) E'(A) =E'(A), and E'(A) is concentrated in degree (i, i +t) for some t > 0
if and Oﬂly if Ki Q Jt+1pi_1 and Kl N JH_QPi_l = JKl

As a consequence of Proposition 3.5, we give a short proof of a result of Green
and Martinez Villa:

Theorem 3.7. [5, Theorem 4.4] Let A be a notherian semiperfect algebra. Then
A is a quasi-Koszul algebra if and only if E(A) is generated by E'(A).

Proof. Suppose that A is a quasi-Koszul algebra. Then Ei(A) = B ' (A) and E ' (A)
Is concentrated in degree (i,7) for all ¢ > 1 by Proposition 3.5. By Theorem 2.4,

7

Ei(A) = E;(A) = EY(A) - E'=Y(A) for all i > 2; i.e., E(A) is generated by E'(A).

7

Conversely, if E(A) is generated by E'(A), then E'(A) = E'(A) - E""'(A).

But Corollary 2.2 says that E'(A) - E*~'(A) C E;(A). Hence, Ei(A) = E,(A);
ie., Ei(A) = E'(A) and E'(A) is concentrated in degree (i,7) for all i > 1. By
Proposition 3.5, A is a quasi-Koszul algebra. |

We next show that there is a result similar to Theorem 3.7 for higher quasi-
Koszul algebras.
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Proposition 3.8. Let A be a quasi-p-Koszul algebra (p > 3). Then for all i > 0,
E?TL(A) - B2 (A) = 0.

Proof. Since A is a quasi-p-Koszul algebra, E?*+1(A) = E2i+1(A) and EQi—H(A) is

concentrated in degree (2i+1,2i+ 1) by Proposition 3.5. Then E?*1(A)- E27+1(A)

- EEEZE;I;(A) But by Proposition 3.5 again, E2(i+j)+2(A) is concentrated in

degree (2(i +7) +2,2(i+j) +p). Since p>3,2(i +7)+p>2(i+j)+2 and we
get EZHL(A) . E2TL(A) = 0. O

Let A be a noetherian semiperfect algebra. Set E°V(A4) = @D,~, E*(A4) and
E°(A) = @,-, E*T1(A). Then EV(A) is a subalgebra of E(A), and E°9(A) is
a right EeV(A)—_module. If A is a quasi-p-Koszul algebra with p > 3, then E°44(A)
is also a right E(A)-module by Proposition 3.8.

Lemma 3.9. Let A be a noetherian semiperfect algebra. Then A is a quasi-p-
Koszul algebra if

(1) Ky C Jp—lPl and Ko NJPP, = JKy;

(ii) the subalgebra E°¥(A) is generated by E°(A) and E?*(A); and

(iii) the right E°(A)-module E°I4(A) is generated by E'(A).
Proof. By (iii), we have E?*t1(A) = E1(A)- E*(A) for all i > 1. By Corollary 2.2,
we have E1(A)- E%(A) C ngﬁ(A) Hence, E*T1(A) = EZZH(A) and EQH_l(A) is
concentrated in degree (2i+1,2i+1). We then get Ko; 1 C JPy; and Ko 1 NJ?Py;
= JKQH_l by COI"OH&I‘y 3.6.

Next we show Koo C JP 1Py, for all i > 1. Since Py; 4 Ky — 0is a
projective cover, we have short exact sequences 0 — JPy; — Pa; — Ko/ JKo; — 0
and 0 — KQH_l — Jpgz — JKQl — 0. Since KQH_l n JZPQZ' = JKgH_l, we have the
following exact commutative diagram with Q — JP; — 0 and Q' — JK9; — 0
projective covers:

0 0 0
! ! !
0 — Kaiy2 4 O*(Kyi/JKs) — K' — 0
b L L
0 — Pyy1 > Q - Q@ =0 (5)
! i) !
0 — Koiy1 > J Py — JKo; — 0
! i) !
0 0 0

where 7, 7/, 7/ are the inclusions. Since Ka;/JKo; is a finitely generated semisimple
A-module, we get Q2(Ky;/JKo;) C JP~1Q by Lemma 3.2. Hence, 7 0 §(Ka;12) C
JP~1Q. Since the middle row of the above diagram is split, there is a morphism
€:Q — Py;yq such that Eop = 1. Then 7(Kop ) = 07" 0O(Kapiz) C E(JP7IQ)
- Jp_lPQiJrl; that is, Ko;49 C Jp_ngiH. Hence,

E;

5 (A)=0 forall j <2i+p—2 (6)
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by Corollary 3.6. Since Ky C JP~ 1P, and Ko N JPP, = JK», we have E?(A) =
Fz(A), and - (A) is concentrated in degree (2,p) by Corollary 3.6. Then from the
hypothesis (ii) and Lemma 2.1, we have

2

E*(A) = E*(A)- B 2(A) = B*(A) - E*"%(A) C Fgi(A) © -~ © oy, _»(A).

Combining with (6), we have that E?(A) = E%(A), and E%(A) is concentrated on
Farp_a(A) for all i > 2.
By Proposition 3.5, we get that A is a quasi-p-Koszul algebra. |

We next show that the converse of the above lemma is also true. At first we
prove the following lemma.

Lemma 3.10. Let A be a quasi-p-Koszul algebra. Then we also have the commu-
tative diagram (5). Moreover, 0(Ka;12) N JQ?*(Ka;/JKa;) = JO(Kai12).

Proof. Since A is a quasi-p-Koszul algebra, Ko; 11 C JPy; and Koj 1 N J2Py; =
JKs; 1. Then we have the commutative diagram (5). For simplicity, write L =
O2(Ko;/JK»;). The morphism 6 : Ko; 5 — L induces a morphism 0 : Ko;o/J Koo
— L/JL in an obvious way. Applying A/J® 4 — to the split exact sequence 0 — Ps;
£ Q — Q' — 0, we get an exact sequence

0—>A/JP®APQZ'+1 —>A/JP®AQ—>A/JP®AQ/—>07

which is isomorphic to 0 — Pa;11/JP Po;y1 2 Q/JPQ — Q'/JPQ" — 0, where P is
induced from ¢ in an obvious way. Since Ko; 1o C JP 1Py 1, we have JKo; o C
JPPy; 1. Then the inclusion K12 < Ps;1 induces a morphism « : Koo/ JKait2
— P22‘+1/JPP22‘+1. Since KQZ‘J’_Q N JpP2i+1 = JKng_l, ais a monomorphism. Since
Ko;/JKo; is a finitely generated semisimple A-module, we have L C JP~!1(Q and
JL = JPQ N L by Lemma 3.1. Similarly, we have a monomorphism 3 : L/JL —
Q/J?PQ. Now we have the following diagram

0 0

! o
Koiyo/JKoiys — LJJL

la 15

0 — Payit1/JPPaiv1 > Q/JPQ

It is not hard to see that the diagram above commutes. This forces 6 to be a
monomorphism, equivalently, 6(Ka;12) N JQ?*(Ka;/JKa;) = JO(Kai12). O

Lemma 3.11. If A is a quasi-p-Koszul algebra, then the subalgebra E°(A) is
generated by E°(A) and E?(A).

Proof. Tt suffices to show E?72(A) = E%(A) - E?(A) for all i > 1. With the same
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notations as in (5), we have the following commutative diagram:

0— Koiyo — Poip1 — Kojy1 — Py — Ko; — Py — -

Lo e L L1 L=
0— QQ(KQZ‘/JKQZ') — Q — Jpgz' — Pzi — KQZ‘/JKQ,L' — 0

where 7 is the natural projection. Let f € Homa (K212, A4/J). Then there is a
morphism g : Kaj1a/JKaiyo — A/J such that f = g o’ with 7’ the natural
projection Ko;io — Koiio/JKairo. As before, write L = Q?(Ko;/JKs;). We have
the following commutative diagram

0
Kojqo — L

Kot

ls = [~
A)T T Koiio)JKass —— LJJL

where 7" is the natural projection and € is the morphism induced by 6 in an
obvious way. Since Ka;ta/J Koo and L/JL are A/J-modules, we may take g
and 6 as A/J-module morphisms. By Lemma 3.10, # is a monomorphism. Then
we have an A/.J-module morphism ¢ : L/JL — Ko;io/JKa;yo such that ¢ o0
= 1 since A/J is semisimple. Taking ¢ as an A-module morphism, we have f =
gom = golon"of. Seth=golon": L = O*Ky/JKsy) — A/J. By
identifying E?*2(A), Ext? (Koiyo/JKoira, A/J) and Ext% (A/J, Ka;/JKy;) with
HOI’HA(KQH_Q, A/J), HOIHA(Q2(K2i+2/JK2i+2), A/J) and HOIIIA([(QZ'7 Kzi/JKgi),
respectively, we have f = h-7 by the definition of Yoneda product. Since Ko;/JKs;
is a finitely generated semisimple A-module, we may assume Ko;/JKo; = @?:1 Sy
with each S; a simple A-module. Then we may write h = (hq,...,hy,) with h; €
Ext? (S, A/J) C E*(A), and 7 = (7y,...,m,) with 7, € Ext%(A/J,S;) C E*(A).
Now we have f = >} | hy-m € E*(A)-E*(A). Hence, E*"t2(A) = E?(A)- E*(A)
for all 4 > 1 as required. O

Now we are ready to prove the following theorem.

Theorem 3.12. Let A be a noetherian semiperfect algebra, and let p > 3 be an
integer. Then A is a quasi-p-Koszul algebra if and only if
(1) Ky C prlpl and Ko NJPP, = JKo;
(ii) the subalgebra E°¥(A) is generated by E°(A) and E?*(A); and
(iii) the right E°(A)-module E°(A) is generated by E'(A).

Proof. The sufficiency is just Lemma 3.9. Now suppose that A is a quasi-p-Koszul
algebra. The condition (i) follows from the definition of quasi-p-Koszul algebras.
The condition (ii) is Lemma 3.11. Hence, we only need to prove (iii). By Theorem
2.4, E(A) = E'(A) - E(A). But E(A) = E°4(A) since E%(A) = E~ (A), and
EQl(A) is concentrated in degree (2i, 20 +p—2) and 2i+p—2 > 2i for all 4 > 1. By
Proposition 3.8, E'(A)- E%*1(A) = 0 for all i > 0. Hence, E°44(A) = E1(A)-E(A)
= EY(A) - E*V(A). O
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The necessity of the theorem above can be stated in a stronger form.

Corollary 3.13. If A is a quasi-p-Koszul algebra, then the Yoneda algebra E(A)
is generated by E°(A), E*(A) and E?(A).

4 Quasi-Koszulity is a Morita Invariant

This short section is aimed to show that the quasi-Koszulity of noetherian semiper-
fect algebras is an invariant under the Morita equivalence.

Lemma 4.1. Let E and E' be positively graded algebra. If gP is a finitely
generated graded progenerator of E-Mod with E' = Endg(P)°P, then gP is a
positively graded E-module and is generated in degree 0.

Proof. Let F = Homg(P, —) : E-GrMod — E’-GrMod. Then F is a graded equiv-
alence. Assume that the inverse equivalence of F is G : E'-GrMod — E-GrMod.
Evidently, gP = G(E'). Since gP is finitely generated, there is an epimorphism
of graded modules 7 : @, S™(E) — gP for some integer m > 1, where S is the
shift functor. Then

m

D s (F(E) = P FE™(B) = F(pP)

=1

is a graded epimorphism. Since F(gP) = E’ and E’ is generated in degree 0 as a
graded module, it follows that there is a graded epimorphism f : @;:1 S™i (F(F))
— E’, where {n;,,...,n;} is a subset of {ni,...,nn,} such that n;, = 0 for all
1 < j < t. In other words, f : F(F)®" — E’ is an epimorphism. Now GF(FE)®!
o) G(E') & gP is an epimorphism. Hence, gP is generated in degree 0. O
Corollary 4.2. Let E and E’ be positively graded algebras. If E and E’ are
graded equivalent, then E' = eM,,(E)e for some integer n > 1 and a homogeneous
idempotent e € M, (E) of degree 0.

Proof. Since E and E’ are graded equivalent, there is a finitely generated graded
progenerator g P with £’ = Endg(P)°P as graded algebras. By Lemma 4.1, gP
is generated in degree 0. Then there is a graded projective A-module gP’ and
an integer n > 1 with P @ P’ =2 E®". Let e € Endg(E®")° be the idempotent
corresponding to P. Clearly, e is a homogeneous element in the graded algebra
Endg(E®")°P of degree 0. Now E' = Endg(P)° = eEndg(E®™)Pe = eM,,(E)e.
This completes the proof. O

Lemma 4.3. Suppose that the positively graded algebras E and E’ are graded
equivalent. If E is generated in degrees 0 and 1, then so is E'.

Proof. By Corollary 4.2, E' = eM,,(E)e for some integer n and the idempotent e
is of degree 0. Write B = M, (E). We have BeB = B. Since E is generated in
degrees 0 and 1, B is also generated in degrees 0 and 1. Then B; = ByB; for all
it > 2 with s+t =14 (s,t > 1). Hence, for any x € B;, we have x = Z;n:l YiZj
with y; € Bs and z; € B;. Then exe = Z;.n:l(eyjzje). Since BeB = B, we have
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k; 1 .
Y = ijzl ujpevjp and z; = Zq]:1 wjqebjq With |wjp| + [vjp| = s, [wiq| + |bjq| = ¢,
and |ujpl, |Vjpl, |wjql, [bjql > 1. Now we get

ere = Z;nd 6( Ziil “jpevjp) ( Zf;jzl quequ)e

m k; l;
= Zj:l Zp:l Zq:l(eujpe)(evjpque) (ebjqe).

Since |e| = 0, it follows that ev;,w;.e < |z|. Hence, eBe is generated in degrees 0
and 1; that is, F’ is generated in degrees 0 and 1. a

We conclude this section with the following theorem, which shows that the
Koszulity is an invariant under Morita equivalence.

Theorem 4.4. Suppose that the noetherian semiperfect algebras A and A’ are
Morita equivalent. Then A is quasi-Koszul if and only if A’ is quasi-Koszul.

Proof. Tt suffices to prove one direction. Suppose that A is a quasi-Koszul algebra.
Then E(A) is a positively graded algebra generated in degrees 0 and 1 by Theorem
3.7. Since A and A’ are graded equivalent, it follows from Theorem 1.4 that E(A)
and F(A’) are graded equivalent. By Lemma 4.3, the positively graded algebra
E(A’) is generated in degrees 0 and 1. Then by Theorem 3.7 again, A’ is a quasi-
Koszul algebra. O
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